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Two scattering problems involving a moving medium are studied
in this report. The first deals with the reflection of a plane electro-
magnetic wave from a semi-infinite moving medium. The second is an
investigation of the scattering field from a rotating dielectric cylinder.
The formulation is based upon the Maxwell- Minkowski equations which
are accurate to the order of v/c, where v denotes the velocity of a

moving medium and c the velocity of light.
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Page one of 12
TWO SCATTERING PROBLEMS INVOLVING MOVING MEDIA

I. INTRODUCTION

Numerous boundary-value problems involving moving media have
not yet been investigated. The lack of such a study is probably due to
the fact that an exact formulation of this class of problems requires a
relativistic treatment which is usually quite complicated. Recently, a
digest of Minkowski's theory of electrodynamics of moving, isotropic,
linear, media has been presentedl. It was shown that if the velocity of
the moving medium, v, is small compared to the velocity of light, c,
the intricate relations contained in Minkowski's theory can be greatly

simplified. Thus, by neglecting terms of the order of {v/c) » one may
obtain f'lne fn‘”oxn-n}n set of nquaf ns for the electrem

ti electromagnetic field
vectors E and H:
(1 VXE=-— (uH- AX E)
and
(2) VX H=0(E+uv X H +3- (CE+AX H) ,

where

0,1, € =conductivity, permeability, and permittivity of an
isotropic linear medium at rest;

A =(ep - €opo) v,
and

v = velocity of the moving medium.
A number of boundary-value problems based upon Egs. (1) and (2) have
already been solved. Thus, wave propagation in wave-guides filled with

a moving medium have been studies by Collie r’. The radiation of an
antenna in a moving medium bhas been studied by Compton and Tai’. In
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this report, the solutions for two scattering problems will be presented.
The first deals with reflection and transmission of a plane wave incident
upon a semi-infinte moving medium. The second deals with the scattering
of a plane wave from a rotating dielectric cylinder.

II. REFLECTION OF A PLANE WAVE FROM A
SEMI-INFINITE MOVING MEDIUM.

Let us consider a plane wave which is propagating in free space and
is incident obliquely upon a semi-infinite moving medium, as shown in
Fig. 1.
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Fig. 1. Reflection of a plane wave from a semi-infinite
moving medium.

The electric field of the incident wave is assumed to be perpendicular to
the plane of incidence, hence it has only a z-component, which is given by

(3) E; = E; oXolx sin 9i -y cos 63) |

where

1 p
kO (A)(p_oeo)z = 2"/)\.

It is g&derstood that the time factor for the harmonically oscillating field
.o -1
is e . The expression of the electric field for the reflected wave then
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may be written in the form

(4) Ey = E, elko(x sin 0r ty cos 0)

To determine the proper expression for the transmitted wave, a brief
review is necessary concerning the plane wave solutions pertaining to
Eqs. (1) and (2) which were discussed in great detail in Ref. (2). For
harmonically oscillating fields, Eqs. (1) and (2) may be reduced to

(5) (V +iwp) X E = iwgH
and
(6) (v+in-o';1x_—;)X f:l=(cr-iw€)]_'§,

By taking the divergence of Eqs. (5) and (6), respectively, and simplifying
the results, one may obtain the following two auxiliary equations:

(7) (V+iwp) -H=0
and
(8) (V+iwg -opv) -E=0.

By eliminating H between Eq. () and Eq. (6), making use of Eq. (8), and
neglecting terms of the order of (v/c)?, the following equation for E is
obtained:

(9) - [V? + (2iwp - opv) -V +k2(1 + iB)] E = 0,
where
k =w(“e)% =«c

and

o
It

o/we |
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If we let

(10) = E¢ e iv(x sin Bt - y cos 6¢) &

represent the transmitted or the refracted wave, then by substituting Eq.
(10) into Eq. (9) the following characteristic equation for y results:

(11) -y? + iy sin B¢ (2iwp - opv) + k(1 +i6) = 0 .

Introducing the constant m, defined by

€
(12) m=1-Yo%0
pe
so that
(13) A=(pe€ - el v
= p€mv >

Eq. (11) can then be written in the form

(14) Y2 + K sin 6t /\X) (2m + i6)y - (1 +i6) = 0 ,
. C
where
CcC = 1/ lp,e .

The solution for y, neglecting terms of the order of (v/c)z, is given by

(15) y=k{‘%2—[(1+‘]1+62)%+i(-1+.|1+52)%]

- (m + 1_6_) % sin Gt}

2
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For the case that << 1, Eq. (15) reduces to

v . . b .
(16) Y=k{(1—m-gs1n9t)+1—é (l—fcl—snlet)}.

In this report we shall discuss the simplest case where the moving medium
is lossless, that is, D = 0. The general expressions for the E and H fields
of the transmitted wave are then given by

= _ iy{x sin 0¢ - y cos 6¢)

(17) Et“EteY( t-y t) &
and
18 —_ ‘L + g — X —
(18) Ht_iwp, (V + iwp) Et

=.E [-iy cos etﬁ-(iw/\+iy sin et)Q]

e

. oiv(x sin B¢ - y cos 6)
where
(19) Y=k(1- m Y sin 9t>~

c

By matching the boundary conditions at the interface, y = 0, for the E-
field and the x-component of the H-field, the following equations are
obtained:

(20) ko sin 65 = kg sin 0, =y sin 6¢ ,
(21) Ei+ Er = Et »
and
ko 8 = X 9, E
(22) —2 [ cos 8; Ej - cos rEr] = X cos O E; .
p’o p‘O
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Equation (20) implies that

(23) sin 8; = sin 0
and
in 6; k .
24) sm1=__Y_=_<1-mem9t>.
( sin 04 ko ko C

Snell's Law relating the angle of incidence and the angle of refraction is,
therefore, slightly modified as a result of the motion of the semi-infinte
medium. By solving Eq. (24) for sin 6t in terms of sin 6j, and keeping
only the term accurate to v/c, we find

r
(25) sin B¢ = _k_‘i sin 6; |1+ m (&) (_Y_) in 65 .
k k /\¢c 7

As far as the reflection and the transmission amplitudes are concerned,
by solving Eqs. (21) and (22) for E, and E;, one finds that the Fresnel
formula is still unchanged, i.e.,

[ 0.
(26) 2Eo= '1+Mo fBR7 | o
l_ tan et ]
and
0.
(27) 2Ep= [1-Mo BRI o
° tan et

For the case p = po (moving dielectric), Egs. (26) and (27) can be combined
to give
(28) Ey: Er : Ey =
sin (8, + 083): sin (8- 0;): [sin (6,+9;) + sin (04 -6;3)].
The analysis described here can easily be extended to a moving sldb. Again,

the only change, as compared to a stationary slab, will be the angle of re-
fraction. In the case of a lossy moving medium, the formal analysis is the
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same except that the expressions for y given by Eq. (15) or Eq. {16)
should be used in Egs. (20) and (22).

III. SCATTERING OF A PLANE WAVE BY A
ROTATING DIELECTRIC CYLINDER

Strictly speaking, the Maxwell- Minkowski equations, as described
by Egs. (1) and (2), are valid only when V is constant, which corresponds
to a pure translation. However, according to Sommerf_gld‘ » We may con-~
sider these equations to be valid even for non-uniform v, provided that
the acceleration due to the change of v is not great. It is safe to assume
here that until one can justify Sommerfeld's assertion by means of a more
rigorous study based upon the general theory of relativity, we shall treat
the formulation of the problem discussed in this section as an approximate
one subject to more rigorous investigation.

The problem to be discussed is illustrated in Fig, 2, where a plane

wave is incident upon a rotating dielectric cylinder. We are interested to
find the scattered field.

(r,¢)

— ¢
E@-——»

Fig. 2. A plane wave incident upon a rotating
dielectric cylinder.

It is assumed that angular velocity of the rotating cylinder is constant,
being equal to w.. The E-field of the incident wave is assumed to be
polarized in the direction of the axis of the cylinder. The incident wave
is, then, given by

(29) Ei = Eo eikor coOs q)
= E, Z (WP I (ko) &P .
-0
1691-7 7



The scattering field can be written in the form

(30) Eg = E 2 a (1P B N (K, 1) eiP?,

-00

To find the transmitted field inside the dielectric cylinder, we shall first

solve Egs. (5) and (6) under the condition that the field vectors are inde-
pendent of z and

(31) v=ocrd,

The parameter f is, then, a function of r and it may be written in the
form

(32) A= pole - €5) v
€o
= F-oe(l - _e—) w ré
A

= Kr9,

where
€o mwe .
(33) K=pu,€ 1——6- W, = —— , with
c

€
m=1——-69, c? = 1juge

By substituting Eq. (32) into Eqs. (5) and (6) and eliminating H, we obtain
a differential equation for E, which is the only component of the electric
field inside the rotating cylinder. The resultant equation for E, is given by

OE 9% )
(34) 18 ((27= +_1E Pz 4 20k 2Bz 4 k’Eg = 0,
r Or ar r° 9o 3¢
where
k? = (w/c)? .
1691-7 8
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In deriving Eq. (34), we have neglected a high-order term corresponding
to w? K2 r? E,, which is proportional to {(v/c)?. It should be emphasized
that the Maxwell-Minkowski equations as given by Egs. (5) and (6) are
only accurate to the order v/c, hence all terms of the order of (v/c)?
should be omitted from the final result.

To solve Eq. (34) we let
(35) E, = ™ p(y).

The function F(r) then satisfies the Bessel equation

(36) 1 d (r_di> +é<z-2nwK—Ei>F=0.
r dr dr rt

If we introduce the constant Ypn» such that

(37) Yp? = k% - 2nwK

wC
= k% - 2num X3
2nmw_
=k2(1-._nm C),
(]

then the proper set of radial functions to describe the field inside the
rotating cylinder is

(38) F(r) = Jy(y,r) » n=0,2L%2.., .

The complete expression for the transmitted field can be written in the
form

(39) E, = E, Z B n(i)™ I (y,r) iP? |

By matching the z -component of the electric fields, as defined by Eqs. (29),
(30), and (39), and the ¢-component of the magnetic field at the boundary
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r = a one obtains the following two simultaneous equations:

(40) Inlkoa) + o 1, ®Akea) = B, Tnlvna)
and
(41) kol Tn'(koa) + an HytM(koa) ] = By v, In'(v,2)

where the prime on J and H(l) denotes derivative with respect to the entire
argument of these functions.

The solutions for @, and B, are

ko 1
Jnlpo) Jn'(Pn) - KJn(Pn) Jn (Po)

(42) a, = - —_
k
H{Xpo)I0"(pr) = =2 T (pn) Ha' ) '(Po)
Yn
and
k
=2 [Jn(Po)Hn(lipo) - Jn'(Po) Hn(lkpo)]
(43) By = - —= .
) (1) ' ko @)
Hn (po)Jn (pn) = Jn(pn) Hn (PO)
n
where

p0=koa-: pn=Yna .

To show the basic difference between the scattering field due to a rotating
dielectric cylinder and that due to stationary dielectric cylinder, we will
write Eq. (30) in the following form:

(44) Eg = Eo | 9oH{ Akor) + Z o) H Mk r) el
o 1
+ Z (i)™ Hn RUY em(bJ
n=-1
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= E, aoHO(IXkor)

E(i)n Hn(‘)(kor)(an Jn® a_, e~ in?)

n=1

= E, J'a g Mkgr) + Z " H{Mior)

otio ,
L n=1

[(o,+ a_.) cos n +1i(a, - C_p) sin n¢]}.

Now @, is numerically different from Q_p, hence the scattered field has
an asymmetrical part with respect to the direction of incidence, ¢ = 0.
Whenw_ =0 and @, is equalto C__, Egq. (44) reduces to the well-known
expressmn for the scattered fleld from a stationary dielectric cylinder.
The nature of the scattered field from a rotating dlelectrlc cylinder is,
therefore, similar to the one due to a ferrite rod® where the scattered
field is also asymmetrical with respect to the direction of incidence.

As far as the results are concerned, the action of the moving
medium introduces only a small modification to the scattered field as
compared with that from a stationary medium. The formulation described
in this report does, however, help us to better understand the mechanism
involved in this class of problems.
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